Abstract. Quantization of a Lagrangian field system essentially depends on its degeneracy and implies its BRST extension defined by sets of non-trivial Noether and higher-stage Noether identities. However, one meets a problem how to select trivial and non-trivial higherstage Noether identities. We show that, under certain conditions, one can associate to a degenerate Lagrangian L the KT-BRST complex of fields, antifields and ghosts whose boundary and coboundary operators provide all non-trivial Noether identities and gauge symmetries of L. In this case, L can be extended to a proper solution of the master equation. 70S05, 70S20
Introduction
The BV quantization of Lagrangian field system essentially depends on its degeneracy and implies its BRST extension given by the Koszul-Tate (henceforth KT) and BRST complexes [1, 5, 6, 9] . These complexes are defined by sets of non-trivial Noether identities (henceforth NI) and higher-stage NI. Any Euler-Lagrange operator satisfies NI which are separated into the trivial and non-trivial ones. These NI obey first-stage NI, which in turn are subject to the second-stage NI, and so on. One however meets a problem how to select trivial and non-trivial higher-stage NI.
Note that the notion of higher-stage NI has come from that of reducible constraints. The KT complex of NI has been invented similarly to that of constraints under the condition that NI are locally separated into independent and dependent ones [1, 6] . This condition is relevant for constraints, defined by a finite set of functions which the inverse mapping theorem is applied to. However, NI unlike constraints are differential equations. They are given by an infinite set of functions on a Fréchet manifold of infinite order jets where the inverse mapping theorem fails to be valid.
We consider a generic Lagrangian theory of even and odd variables on an ndimensional smooth real manifold X . It is described in terms of the Grassmanngraded variational bicomplex [1, 3, 4, 8] . Accordingly, NI are represented by onecycles of a certain chain complex. Its boundaries are necessarily NI, called trivial. Non-trivial NI modulo the trivial ones are given by first homology of this complex. To describe (k + 1)-stage NI, let us assume that non-trivial k-stage NI are generated by a projective C ∞ (X )-module C (k) of finite rank and that a certain homology condition (Definition 1) holds [4] . In this case, (k + 1)-stage NI are represented by (k + 2)-cycles of some chain complex of modules of antifields isomorphic to C (i) ,
Lagrangian theory of even and odd fields
Let us consider a composite bundle F → Y → X where F → Y is a vector bundle provided with bundle coordinates (x λ , y i , q a ). Jet manifolds J r F of F → X are also vector bundles J r F → J r Y coordinated by (x λ , y i Λ , q a Λ ), 0 ≤ |Λ| ≤ r, with respect to linear frames {e Λ a }, where Λ = (λ 1 ...λ k ), |Λ| = k, denote symmetric multi-indices. Let (J r Y, A r ) be a graded manifold whose body is J r Y and whose C ∞ (J r Y )-ring of graded functions A r is generated by sections of the dual (J r F) * of J r F → J r Y , i.e, it is locally generated by the coframes {c a Λ } dual of the frames {e Λ a }. Let S * r [F;Y ] be the differential graded algebra (henceforth DGA) of graded differential forms on the graded manifold (J r Y, A r ). There is the inverse system of jet manifolds J r−1 Y ← J r Y . Its projective limit is a Fréchet manifold coordinated by (x λ , y i Λ ), 0 ≤ |Λ|. This inverse system yields the direct system of DGAs With this notation, a graded derivation of the R-ring S 0
It yields the Lie derivative
. In particular, the total derivatives are defined as the derivations 
where
is the total differential and δ is the variational operator. Lagrangians and Euler-Lagrange operators are defined as its even elements
The relevant cohomology of the variational bicomplex has been obtained [8, 11] . In particular, any variationally trivial 
It is nilpotent only if it is odd and iff ϑ (υ) = 0. For the sake of simplicity, the common symbol υ further stands for the graded derivation ϑ (4), its summand υ, and the Lie derivative L ϑ . We agree to call υ the graded derivation of the DGA S * ∞ [F;Y ]. Its right graded derivations
also considered. One associates to any right graded derivation
KT complex of Noether identities
Let us start with the following notation. Given a vector bundle E → X , we call E = E * ⊗ n ∧ T * X the density-dual of E. The density dual of a graded vector bundle 
of graded densities of antifield number ≤ 2. Its one-chains are linear differential operators on S 1,n ∞ [F;Y ], and its one-cycles define the NI
Conversely, all NI (8) come from the cycles (7). In particular, one-chains Φ ∈ P 0,n ∞ [V F;Y ] 1 are necessarily NI if they are boundaries. Therefore, these NI are called trivial. Accordingly, non-trivial NI modulo the trivial ones correspond to elements of the first homology H 1 (δ ) of the complex (6) [4] . A Lagrangian L is called degenerate if there are non-trivial NI.
Non-trivial NI obey first-stage NI. To describe them, let us assume that the module H 1 (δ ) is finitely generated. Namely, there exists a projective C ∞ (X )-module
via elements of C (0) . Thus, all non-trivial NI (8) result from the NI
By virtue of the Serre-Swan theorem, the module C (0) is isomorphic to a module of sections of the density-dual E 0 of some graded vector bundle E 0 → X . Let us 
of graded densities of antifield number ≤ 3. It possesses trivial homology H 0 (δ 0 ) and
However, the converse need not be true. One can show that NI (12) are cycles iff any
. In particular, a cycle Φ is a boundary if its summand G is δ -exact. Any boundary Φ ∈ P 0,n ∞ {0} 2 necessarily defines firststage NI (12), called trivial. Accordingly, non-trivial first-stage NI modulo the trivial ones are identified to elements of the second homology H 2 (δ 0 ) of the complex (11) . Note that this definition is independent on specification of a generating module C (0) . Given a different one, there exists a chain isomorphism between the corresponding complexes (11) .
A degenerate Lagrangian is called reducible if there are non-trivial first-stage NI. These obey second-stage NI, and so on. Iterating the arguments, we say that a degenerate Lagrangian is N-stage reducible if the following hold [4] .
(i) There are graded vector bundles E 0 , . . . , E N over X , and the DGA P * ∞ [V F;Y ] is enlarged to the DGA
with a local basis
(ii) The DGA (13) is provided with the nilpotent right graded derivation
of antifield number -1, where the index k = −1 stands for s A .
(iii) The module P 0,n ∞ {N} ≤N+3 of densities of antifield number ≤ (N + 3) is split into the exact KT chain complex
which satisfies the following homology condition.
DEFINITION 1. One says that the homology regularity condition holds if any
Given an N-reducible Lagrangian, the nilpotentness δ 2 KT = 0 of the KT operator (14) is equivalent to the non-trivial NI (10) and
Inverse second Noether theorem
A gauge symmetry of a Lagrangian L is defined as a linear differential operator on some projective C ∞ (X )-module of finite rank with values in the module of variational symmetries of L. It can be described as follows [2, 3] . Different variants of the second Noether theorem relate reducible NI and gauge symmetries [1, 2, 3, 7] . Given the DGA P * ∞ {N} (13), let us consider the DGA The DGAs P * ∞ {N} (13) and P * ∞ {N} (18) are subalgebras of P * ∞ {N} (19). The KT operator δ KT (14) is naturally extended to a graded derivation of the DGA P * ∞ {N}. THEOREM 3. Given the KT complex (16), the module of graded densities P 0,n ∞ {N} is split into the cochain sequence Proof. Note that any tuple (
of zero antifield number. It is readily observed that the KT operator δ KT is a variational symmetry of L e . It follows that
The equality (26) falls into the set of equalities
By virtue of the equality (27) and the formula (5), the graded derivation
of P 0 {0} is a variational and, consequently, gauge symmetry of a Lagrangian L [3, 8] . Every equality (28) falls into a set of equalities graded by the polynomial degree in antifields. Let us consider the equality, linear in antifields c r k−2 . We have
This equality is brought into the form
Using the relation (22), we obtain the equality
The variational derivative of both its sides with respect to c r k−2 leads to the relation
This is the k-stage gauge symmetry condition [3] . Thus, the odd graded derivations Following the proof of Theorem 3, one can show that any C ∞ (X )-module of NI yields a gauge symmetry of a Lagrangian. Since the gauge operator (21) need not be nilpotent, the direct second Noether theorem can not be formulated in homology terms. Therefore, gauge and higher-stage gauge symmetries are said to be non-trivial if they are associated to non-trivial NI and higher-stage NI, respectively.
With the gauge operator (21), the extended Lagrangian L e (25) takes the form
where L * 1 is a term of polynomial degree in antifields exceeding 1.
KT-BRST complex
The DGA P * ∞ {N} (19) exemplifies a field-antifield theory of the following type [1, 9] . Let Z ′ → Z → X be a composite bundle where Z ′ → Z is a trivial vector bundle. Let us consider the DGA P 
Furthermore, one associates to any Lagrangian Ld n x the odd graded derivations
THEOREM 4. The following conditions are equivalent. (i) The antibracket of a Lagrangian Ld n x is d H -exact, i.e.,
(
ii) The graded derivation υ (34) is a variational symmetry of a Lagrangian Ld n x. (iii) The graded derivation υ (34) is a variational symmetry of Ld n x. (iv) The graded derivation ϑ L (35) is nilpotent.
Proof. By virtue of the formula (5), conditions (ii) and (iii) are equivalent to condition (i). The equality (36) is equivalent to that the odd density
The variational operator acting on this relation results in the equalities
for all E b and E b . This is exactly condition (iv). The equality (36) is called the master equation. For instance, any variationally trivial Lagrangian satisfies the master equation.
Being an element of the DGA P * ∞ {N} (19), an original Lagrangian L obeys the master equation (36) and yields the graded derivations υ L = 0, υ L = δ (34). The graded derivations (34) associated to the Lagrangian L e (25) are extensions
of the gauge and KT operators, respectively. However, L e need not satisfy the master equation. Therefore, let us consider its extension
by means of even densities L i , i ≥ 2, of zero antifield number and polynomial degree i in ghosts. The corresponding graded derivations (34) read
The following is a corollary of Theorem 4.
COROLLARY 5. A Lagrangian L is extended to a proper solution L E (37) of the master equation only if the gauge operator u e (20) admits a nilpotent extension.
By virtue of condition (iv) of Theorem 4, this nilpotent extension is the derivation ϑ E = υ E + υ l E (35), called the KT-BRST operator. With this operator, the module of densities P 0,n ∞ {N} is split into the KT-BRST complex
Putting all ghosts zero, we obtain a cochain morphism of this complex onto the KT complex, extended to P 0,n ∞ {N} and reversed into the cochain one. Letting all antifields zero, we come to a cochain morphism of the KT-BRST complex (40) onto the cochain sequence (20), where the gauge operator is extended to the antifield-free part of the KT-BRST operator.
THEOREM 6. If the gauge operator u e (20) can be extended to a nilpotent graded derivation
u E = u e + ξ = u A ∂ A + ∑ 1≤k≤N (u r k−1 + ξ r k−1 )∂ r k−1 + ξ r N ∂ r N(41)
of ghost number 1 by means of antifield-free terms of higher polynomial degree in ghosts, then the master equation has a proper solution
Proof. It is easily justified that, if the graded derivation u E (41) is nilpotent, then the right hand sides of the equalities (30) equal zero. Using the relations (22) -(24), one can show that, in this case, the right hand sides of the higher-stage NI (17) also equal zero [3] . It follows that the summand G r k of each cocycle ∆ r k (15) is δ k−1 -closed. Then its summand h r k is also δ k−1 -closed and, consequently, δ k−2 -closed. Hence it is δ k−1 -exact by virtue of the homology regularity condition. Therefore, ∆ r k contains only the term G r k linear in antifields. It follows that the Lagrangian L e (25) and, consequently, the Lagrangian L E (42) are affine in antifields. In this case,
for all indices A and r k and, consequently,
by the Lagrangian L E . Its nilpotency condition takes the form By virtue of Corollary 7, the gauge operator u e is extended to the BRST operator only if gauge symmetry conditions hold off-shell, i.e., u e (u e ) = u(u e ). Let us consider a particular case when higher-stage gauge symmetries u (k) (31) are independent of original fields s A , i.e., u e (u e ) = u(u). In this case, the BRST operator u E (41) reads
For instance, irreducible theories and Abelian reducible theories, where u(u) = 0, are of this type. One can think of the first and second conditions (43) as being the generalized commutation relations and the Jacobi identity, respectively [3] . It follows from the second one that ξ is quadratic in ghosts. Moreover, if a gauge symmetry u is polynomial in fields, then it is necessarily affine, and ξ is independent of original fields. In Abelian reducible theories, the gauge operator u e itself is nilpotent. The corresponding proper solution (42) of the master equation reads
6 Examples 1) Yang-Mills gauge theory exemplifies an irreducible degenerate Lagrangian theory where u E (41) is the familiar BRST operator [9] . Let us consider Yang-Mills supergauge theory where gauge symmetries form a finite-dimensional Lie superalgebra over C ∞ (X ). Let G = G 0 ⊕ G 1 be a real Lie superalgebra with a basis {e r }, r = 1, . . . , m, and real structure constants c r i j . We denote [e r ] = [r]. Given the enveloping algebra G of G , let us assume that there is an invariant even element h i j e i e j of G such that the matrix h i j is non-degenerate. The gauge theory of G on X = R n is described by the DGA S * [F;Y ] where 2) In contrast with Yang-Mills gauge theory, gauge symmetries of gravitation theory fail to form a finite-dimensional Lie algebra. Gravitation theory can be formulated as gauge theory on natural bundles over a four-dimensional manifold X . These bundles admit the functorial lift τ of any vector field τ on X such that τ → τ is a Lie algebra monomorphism. This lift is an infinitesimal generator of a local one-parameter group of general covariant transformations. 
Its basis is
(a r λ ), [a r λ ] = [r]. The Yang-Mills Lagrangian reads L Y M = 1 4 h i j η λ µ η β ν F i λ β F j µν d n x,
